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A GLOBAL WEAK SOLUTION TO THE LORENTZIAN
HARMONIC MAP FLOW
XIAOLI HAN, LEI LIU, LIANG ZHAO
Abstract. We investigate a parabolic-elliptic system which is related to a har-
monic map from a compact Riemann surface with a smooth boundary into a
Lorentzian manifold with a warped product metric. We prove that there exists
a unique global weak solution for this system which is regular except for at most
finitely many singular points.
1. introduction
To describe our problem, we present some notations first. Let (M,h) be a compact
Riemann surface with a smooth boundary ∂M and N × R be a Lorentzian manifold
equipped with a warped product metric of the following form
g = gN − βd
2θ,
where (R, dθ2) is the 1-dimensional Euclidean space, (N, gN) is an n-dimensional
compact Riemannian manifold which, by Nash’s embedding theorem, is embedded
isometrically into some Euclidean space RK and β is a positive C∞ function on N .
Since N is compact, there exist two positive constants λ and Λ such that
0 < λ ≤ β(y) ≤ Λ, ∀y ∈ N.
For more details on such kind of manifolds, we refer to [15, 18].
We consider the following Lagrangian
(1.1) Eg(u, v) =
1
2
∫
M
{
|∇u|2 − β(u)|∇v|2
}
dvh,
which is called the Lorentzian energy of a map (u, v) from M to N ×R. It is easy to
see that Eg(·, ·) is conformally invariant in dimension two. A critical point (u, v) of
the Lagrangian (1.1) is called a Lorentzian harmonic map fromM into the Lorentzian
manifold (N × R, g).
Via direct calculation, one can derive the Euler-Lagrange equations for (1.1),
(1.2)
{
−∆u = A(u)(∇u,∇u)−B⊤(u)|∇v|2, in M,
−div{β(u)∇v} = 0, in M.
Date: September 20, 2018.
2010 Mathematics Subject Classification.
Key words and phrases. harmonic map, heat flow, Lorentzian manifold, warped product, blow
up, weak solution.
The research is supported by NSFC No.11471014, No.11471299 and the Fundamental Research
Funds for the Central Universities.
1
2 XIAOLI HAN, LEI LIU, LIANG ZHAO
where A is the second fundamental form of N in RK , B(u) := (B1, B2, · · · , BK) with
Bj := −
1
2
∂β(u)
∂yj
and B⊤ is the tangential part of B along the map u. For details, see [20]. We denote
E(u; Ω) =
1
2
∫
Ω
|∇u|2dx,
and
E(v; Ω) =
1
2
∫
Ω
|∇v|2dx,
where Ω is a bounded domain in M . For brevity, we will omit Ω if the domain is clear
from the context.
The regularity theory of Lorentzian harmonic maps was studied in [13, 20] for
dimension two and in [12] for some higher dimensional minimal type solutions. For
partial regularity of stationary Lorentzian harmonic maps, one can refer to [17]. When
the target manifold is a Lorentzian manifold, the existence of geodesics was proved
in [3]. In [6, 7], Greco constructed a smooth harmonic map via some developed
variational methods.
For the Riemannian case, Al’ber [1, 2], Eells-Sampson [5] and Hamilton [8] proved
an existence result using the harmonic map heat flow when the sectional curvature
of the target manifold is non-positive. The heat flow associated with the Euler-
lagrange equations can be interpreted as a gradient flow for the energy functional. In
the Lorentzian case, because of the sign convention, although the Lorentzian energy
Eg still decreases along the corresponding heat flow, we can even not do blow-up
analysis under an energy condition such as Eg ≤ Λ for some constant Λ > 0. In
order to construct nontrivial Lorentzian harmonic maps in the homotopic class of the
initial map and overcome the above obstacles, Han-Jost-Liu-Zhao [9] introduced the
following parabolic-elliptic system{
∂tu = ∆u+ A(u)(∇u,∇u)−B
⊤(u)|∇v|2, in M × [0, T ),
−div(β(u)∇v) = 0, in M × [0, T ).
(1.3)
They proved the local existence of a regular solution to (1.3) with the boundary-initial
data 

u(x, t) = φ(x), on ∂M × {t ≥ 0},
u(x, 0) = φ0(x), in M,
v(x, t) = ψ(x), on ∂M × {t ≥ 0},
φ0(x) = φ(x), on ∂M.
(1.4)
Theorem 1.1 (Theorem 3.3, [9]). For any
φ0 ∈ C
2+α(M,N), φ ∈ C2+α(∂M,N), ψ ∈ C2+α(∂M,R)
where 0 < α < 1, the problem (1.3) and (1.4) admits a unique solution
u ∈ ∩0<s<TC
2+α,1+α/2(M × [0, s]),
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and
v,∇v ∈ ∩0<s<TC
α,α/2(M × [0, s]), v ∈ L∞([0, T );C2+α(M)),
for some time T > 0. Here, the maximum existence time T is characterized by the
condition that
lim sup
x∈M,t→T
E(u;BMr (x)) > ǫ0 for any r > 0,
where ǫ0 is a constant depending only on M,N, φ, ψ and φ0 and B
M
r (x) is a geodesic
ball in M . Moreover, the set
S(u, T ) := {x ∈M | lim sup
t→T
E(u;BMr (x)) > ǫ0 for any r > 0}(1.5)
is finite and a point in it is called a singularity at the singular time T .
By using the blow-up analysis, they [9] got a global existence result to the problem
(1.3) and (1.4) by assuming either some geometric conditions on the target mani-
fold or small energy of the boundary-initial data. The result implies the existence
of Lorentzian harmonic maps in a given homotopy class. For the further blow-up
behavior, including the energy identities and no neck properties, we refer to [11] for
Lorentzian harmonic maps and [10] for approximate Lorentzian harmonic maps and
the corresponding heat flow.
Inspired by works of Struwe for harmonic map flow in [19], our main purpose in this
paper is to study the existence of a global weak solution of (1.3) with the boundary-
initial data (1.4) in the function space
V (M ts) : = {(u, v) :M × [s, t]→ N × R| sup
s≤τ≤t
‖∇u‖L2(M) + sup
s≤τ≤t
‖∇v‖L4(M)
+
∫ t
s
∫
M
(|∂tu|
2 + |∇2u|2)dMdt <∞}.
Here and in the sequel, we use the notations M ts = M × [s, t] and M
T = M × [0, T ].
C2+α,1+
α
2 (MT ) denote the usual Ho¨lder spaces and W k,p(M,N) denote the Sobolev
space
W k,p(M,N) = {u ∈ W k,p(M,RK), u(x) ∈ N for a.e. x ∈ M}.
Precisely, our main result is
Theorem 1.2. For any φ0 ∈ W
1,2(M,N), φ ∈ C2+α(∂M,N) and ψ ∈ C2+α(∂M,R),
there exists a unique global weak solution (u, v) of (1.3) with the boundary-initial data
(1.4) on M × [0,∞).
Moreover, there exist at most finitely many singular points {(xl, Tk)}
lk
l=1 which is
characterized by
(1.6) lim sup
t→Tk
E(u(t);BMr (x
l)) > ǫ for all r > 0.
Here ǫ is the constant defined in (3.1), BMR (x) is the geodesic ball in M , 1 ≤ l ≤ lk,
1 ≤ k ≤ K and
∑K
k=1 lk ≤ L for some non-negative integers K and L depending
on M , N × R, Λ, φ, ψ and E(φ0). The solution is regular outside the singular set,
which means that u ∈ C
2+α,1+α/2
loc (M × (0,∞)) except for singular time {Tk}
K
k=1 and
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u,∇u ∈ C
α,α/2
loc (M × (0,∞)) outside singular points ∪
K
k=1{(x
l, Tk)}
lk
l=1. Moreover,
v,∇v ∈ C
α,α/2
loc (M × (0,∞)), v ∈ L
∞ ((0,∞);C2+α(M)) except for singular time
{Tk}
K
k=1 and v ∈ L
∞
(
(0,∞);C2+αloc (M)
)
outside singular points ∪Kk=1{(x
l, Tk)}
lk
l=1
Finally, there exist a nontrivial Lorentzian harmonic map (u∞, v∞) ∈ C
2+α(M,N×
R) with the boundary data (u∞, v∞)|∂M = (φ, ψ) and a time sequence ti → ∞, such
that {(u, v)(·, ti)} converges to (u∞, v∞) weakly in W
1,2(M) as i → ∞ and strongly
in C1(M \ S∞) where S∞ is a finite points set defined by (3.6).
In this paper, we just focus on the two dimension case. For the higher dimen-
sions, they need more techniques including the new monotonicity formula, regularity
theorem and so on. We leave it to the sequel to this paper.
The rest of this paper is organized as follows. In Section 2, we firstly recall some
results which will be used in this paper. Secondly, we derive some basic lemmas,
including a priori W 2,2-estimates and uniqueness for the weak solution. Our main
Theorem 1.2 will be proved in Section 3.
2. preliminary results
In this section,we will establish some basic lemmas for the Lorentzian harmonic
map flow.
By the standard elliptic theory, for φ ∈ C2+α(∂M), there exists a unique solution
u ∈ C2+α(M) of the equation {
∆u = 0 in M,
u(x) = φ(x) on ∂M,
(2.1)
satisfying
‖u‖C2+α(M) ≤ C(α,M)‖φ‖C2+α(∂M).
We call this solution u an extension of φ. Similarly, there also exists a harmonic
function v with the boundary data ψ, which is called an extension of ψ. For simplicity,
we still denote (u, v) by (φ, ψ) ∈ C2+α(M) and in the following, we use the extension
when needed.
Firstly, let us recall some results which will be used in this paper.
Lemma 2.1 (Theorem 2.2 and Remark 2.1, P. 62, P. 63 in [16] or Lemma 4.1 in [4]).
For any smooth bounded domain Ω ⊂ R2 and any function u ∈ W 1,2(Ω), there exists
a constant C > 0 depending on the shape of Ω such that
(2.2)
∫
Ω
|u|4dx ≤ C
∫
Ω
|u|2dx
( ∫
Ω
|∇u|2dx+
1
|Ω|
∫
Ω
|u|2dx
)
,
where |Ω| is the volume of Ω.
Lemma 2.2 (Lemma 2.3 in [14]). Suppose that x0 ∈ M and u ∈ C
2(MT ) where
T ≤ ∞. There exist constants C > 0 and R0 > 0 depending only on M , such that
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for any r ∈ (0, R0] and any function η ∈ C
∞
0 (B
M
r (x0)) which depends only on the
distance |x− x0| and is a non-increasing function of this distance, there holds∫
MT
|∇u|4ηdµdt ≤ C sup
0≤t≤T
∫
BMr (x0)
|∇u|2(x, t)dµ ·
(
∫
MT
|∇2u|2ηdµdt+ r−2
∫
MT
|∇u|2ηdµdt),(2.3)
where BMr (x0) is the geodesic ball in M . Moreover, we have∫
MT
|∇u|4dµdt ≤ C sup
(x0,t)∈MT
∫
BMr (x0)
|∇u|2(x, t)dµ ·
(
∫
MT
|∇2u|2dµdt+ r−2
∫
MT
|∇u|2dµdt).(2.4)
Proof. The idea is the same as that in [19], where Struwe used the density of step
functions in L∞ space and a covering argument. One can refer to Lemma 2.3 in [14]
for a detailed proof. 
Next we introduce several estimates which have been derived in [9]. Although the
a priori estimates in [9] are derived in the space V(M ts;N × R) (see the notation in
[9]), it is easy to check that the estimates also hold in the space V (M ts).
Lemma 2.3 (Lemma 2.1 in [9]). Suppose (u, v) ∈ V (MT ) is a solution of (1.3) and
(1.4), then the Lorentzian energy Eg(u(t), v(t)) is non-increasing on [0, T ) and for
any 0 ≤ s ≤ t < T , there holds
Eg(u(t), v(t)) +
∫ t
s
∫
M
|∂tu|
2dMdt ≤ Eg(u(s), v(s)).
Lemma 2.4 (Lemma 2.2 in[9], Corollary 2.3 in[9]). Suppose (u, v) ∈ V (MT ) is a
solution of (1.3) and (1.4), then for any 0 ≤ t < T , there hold∫
M
|∇u|2(·, t)dM ≤
∫
M
|∇φ0|
2dM + Λ
∫
M
|∇ψ|2dM,
∫
M
|∇v|2(·, t)dM ≤
Λ
λ
∫
M
|∇ψ|2dM
and ∫ T
0
∫
M
|ut|
2dMdt ≤ E(φ0) + ΛE(ψ).
Proof. By Lemma 2.2 in [9], we have∫
M
β(u)|∇v|2(·, t)dM ≤
∫
M
β(u)|∇ψ|2 and
∫
M
|∇v|2(·, t)dM ≤
Λ
λ
∫
M
|∇ψ|2dM.
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Then by Lemma 2.3, we get
1
2
∫
M
|∇u|2dx ≤ Eg(u, v) +
1
2
∫
M
β(u)|∇v|2dx
≤ E(φ0) +
1
2
∫
M
β(u)|∇ψ|2dx ≤ E(φ0) + ΛE(ψ)
and ∫ t
0
∫
M
|ut|
2dxdt ≤ E(φ0) +
1
2
∫
M
β(u)|∇v(·, t)|2dx
≤
1
2
∫
M
|∇φ|2dx+
Λ
2
∫
M
|∇ψ|2 ≤ E(φ0) + ΛE(ψ).

Lemma 2.5 (Lemma 2.4 in[9]). Suppose (u, v) ∈ V (MT ) is a solution of (1.3) and
(1.4), then for any p > 1 and 0 ≤ t < T , we have∫
M
|∇v|p(·, t)dM ≤ C
∫
M
|∇ψ|pdM,
where C only depends on p,M, λ,Λ.
Remark 2.6. Since we have the W 1,p estimate for v, if the boundary data ψ in (1.4)
belongs to C2,α, we can replace the L4-norm for v in the definition of V (M ts) by any
Lp-norm with p ≥ 4.
Lemma 2.7 (Lemma 2.5 in [9]). Let (u, v) ∈ V (MT ) be a solution to (1.3) and (1.4),
then there exists a positive constant R0 < 1 such that, for any x0 ∈ M , 0 ≤ r ≤ R0
and 0 < s ≤ t < T , there holds
E(u(t);BMr (x0)) ≤ E(u(s);B
M
2r (x0)) + C1
t− s
r2
+ C2(t− s),(2.5)
where C1 and C2 depend on λ,Λ,M,N,E(φ), ‖ψ‖W 1,4(M).
Lemma 2.8 (Lemma 2.6 in [9]). Let (φ, ψ) ∈ C2+α(∂M,N × R), z0 = (x0, t0) ∈
M×(0, T ] and denote PMr (z0) := B
M
r (x0)×[t0−r
2, t0]. Assume that (u, v) is a solution
of (1.3) and (1.4), then there exists two positive constants ǫ1 = ǫ1(M,N, φ, ψ) and
C = C(α, r,M,N, ‖φ‖C2+α(M), ‖ψ‖C2+α(M)), such that if
sup
[t0−4r2,t0]
E(u(t);BMr (x0)) ≤ ǫ1,
we have
(2.6) r‖∇v‖L∞(PM
r/2
(z0)) + r‖∇u‖L∞(PMr/2(z0)) ≤ C
and for any 0 < β < 1,
(2.7) sup
t0−
r2
4
≤t≤t0
‖v(t)‖C2+α(BM
r/2
(x0)) + ‖u‖Cβ,β/2(PMr/2(z0)) + ‖∇u‖Cβ,β/2(PMr/2(z0)) ≤ C(β).
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Moreover, if
sup
x0∈M
sup
[t0−r2,t0]
E(u(t);BMr (x0)) ≤ ǫ1
then
(2.8) sup
t0−
r2
8
≤t≤t0
‖v(t)‖C2+α(M) + ‖u‖C2+α,1+α/2(M×[t0− r
2
8
,t0])
≤ C
and
(2.9) ‖v‖
Cα,α/2(M×[t0−
r2
8
,t0])
+ ‖∇v‖
Cα,α/2(M×[t0−
r2
8
,t0])
≤ C.
Lemma 2.9. Let φ0 ∈ W
1,2(M,N), φ ∈ C2+α(∂M,N) and ψ ∈ C2+α(∂M,R). Then
there exist constants ǫ2 = ǫ2(M,N) > 0, R0 = R0(M) > 0 and C = C(M,N) > 0,
such that if (u, v) ∈ V (MT ) is a solution of (1.3) and (1.4) and satisfies
sup
(x0,t)∈MT
∫
BMr (x0)
|∇u|2dM ≤ ǫ2, for all r ∈ (0, R0],
there holds the estimate
E(u(T )) +
∫
MT
|∇2u|2dMdt
≤ C(1 +
T
r2
)(E(φ0) + ΛE(ψ)) + C
T
r2
(‖∇ψ‖4L4(M) + ‖φ‖
2
C2(M)).
Proof. Multiplying the first equation of (1.3) by −∆u and integrating over MT , we
obtain that
E(u(T ))− E(u(0)) +
∫
MT
|∆u|2dMdt
= −
∫
MT
∂tu∆udMdt+
∫
MT
|∆u|2dMdt
= −
∫
MT
(A(u)(∇u,∇u)−BT (u)|∇v|2)∆udMdt
≤
1
2
∫
MT
|∆u|2dMdt+ C
∫
MT
(|∇u|4 + |∇v|4)dMdt.
By Lemma 2.5 and Lemma 2.2, we get
E(u(T )) +
1
2
∫
MT
|∆u|2dMdt
≤ E(u(0)) + C
∫
MT
|∇v|4dMdt + C
∫
MT
|∇u|4dMdt
≤ E(u(0)) + C
∫
MT
|∇ψ|4dMdt + C sup
(x0,t)∈MT
∫
BMr (x0)
|∇u|2dM
·(
∫
MT
|∇2u|2dMdt+ r−2
∫
MT
|∇u|2dMdt).(2.10)
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The standard elliptic estimates yield that
‖∇2u‖L2(M) ≤ C(M)(‖∆u‖L2(M) + ‖φ‖C2(M)),
which implies∫
MT
|∇2u|2dMdt ≤ C(M)(
∫
MT
|∆u|2dMdt+ ‖φ‖2C2(M)T ).(2.11)
Therefore,
E(u(T )) +
1
2
∫
MT
|∆u|2dMdt
≤ Cǫ2
∫
MT
|∆u|2dMdt + E(u(0)) + CT (‖∇ψ‖4L4(M) + ‖φ‖
2
C2(M))
+Cr−2
∫
MT
|∇u|2dMdt
≤ Cǫ2
∫
MT
|∆u|2dMdt + C(1 +
T
r2
)(E(φ0) + ΛE(ψ))
+C
T
r2
(‖∇ψ‖4L4(M) + ‖φ‖
2
C2(M)),
where the last inequality follows from Lemma 2.4. Taking ǫ2 sufficiently small, we
get that∫
MT
|∆u|2dMdt ≤ C(1 +
T
r2
)(E(φ0) + ΛE(ψ)) + C
T
r2
(‖∇ψ‖4L4(M) + ‖φ‖
2
C2(M)).
Then the desired conclusion follows immediately from (2.11). 
Finally, we show the uniqueness result for (1.3) and (1.4).
Theorem 2.10. Let φ0 ∈ W
1,2(M,N), φ0|∂M = φ ∈ C
2+α(∂M,N) and ψ ∈ C2+α(∂M).
Suppose that (ui, vi) ∈ V (M
T ), i = 1, 2 are weak solutions of (1.3) with the same
boundary-initial data (1.4), then (u1, v1) ≡ (u2, v2) in M
T .
Proof. Suppose that (ui, vi) ∈ V (M
T ), i = 1, 2 are two weak solutions of (1.3) with
the same boundary-initial data (1.4). Let U := u1 − u2, V := v1 − v2 and denote
|∇U12| = |∇u1|+ |∇u2|, |∇V12| = |∇v1|+ |∇v2|. By using the first equation in (1.3),
we have
|∂tU −∆U | ≤ |A(u1)(∇u1,∇u1)− A(u2)(∇u2,∇u2)|
+|B⊤(u1)|∇v1|
2 − B⊤(u2)|∇v2|
2|
≤ C(|∇U ||∇U12|+ |U ||∇U12|
2) + C(|U ||∇V12|
2 + |∇V ||∇V12|).(2.12)
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Multiplying (2.12) by U and integrating over M t0 , we get
1
2
∫
M
|U |2(x, t0)dM +
∫
M t0
|∇U |2dMdt
=
1
2
∫
M t0
∂t|U |
2dMdt−
∫
M t0
∆U · UdMdt
≤ C
∫
M t0
|U ||∇U ||∇U12|dMdt + C
∫
M t0
|U |2|∇U12|
2dMdt
+ C
∫
M t0
|U |2|∇V12|
2dMdt + C
∫
M t0
|U ||∇V ||∇V12|dMdt
≤ C(
∫
M t0
|U |4dMdt)1/4(
∫
M t0
|∇U |2dMdt)1/2(
∫
M t0
|∇U12|
4dMdt)1/4
+ C(
∫
M t0
|U |4dMdt)1/2[(
∫
M t0
|∇U12|
4dMdt)1/2 + (
∫
M t0
|∇V12|
4dMdt)1/2]
+ C(
∫
M t0
|U |4dMdt)1/4(
∫
M t0
|∇V |2dMdt)1/2(
∫
M t0
|∇V12|
4dMdt)1/4
≤ Cǫ(t0)(
∫
M t0
|U |4dMdt)1/4(
∫
M t0
|∇U |2dMdt)1/2 + Cǫ(t0)(
∫
M t0
|U |4dMdt)1/2
+ Cǫ(t0)(
∫
M t0
|U |4dMdt)1/4(
∫
M t0
|∇V |2dMdt)1/2
≤ Cǫ(t0)(
∫
M t0
|U |4dMdt)1/2 +
1
2
∫
M t0
|∇U |2dMdt +
1
2
∫
M t0
|∇V |2dMdt,
where t0 ∈ (0, T ] and ǫ(t0)→ 0 as t0 → 0. The second equation of (1.3) gives
(2.13) − div (β(u1)∇v1 − β(u2)∇v2) = 0.
Multiplying (2.13) by V and integrating by parts on M t0 , we get∫
M t0
β(u2)|∇V |
2dxdt =
∫
M t0
(β(u2)− β(u1))∇v1 · ∇V dxdt.(2.14)
Then we get from (2.14) that∫
M t0
|∇V |2dxdt
≤ C
∫
M t0
|U ||∇V12||∇V |dxdt
≤ C
(∫
M t0
|U |4dxdt
)1/4(∫
M t0
|∇V |2dxdt
)1/2(∫
M t0
|∇V12|
4dxdt
)1/4
≤ Cǫ(t0)
(∫
M t0
|U |4dxdt
)1/4(∫
M t0
|∇V |2dxdt
)1/2
≤ Cǫ(t)
(∫
M t0
|U |4dxdt
)1/2
+
1
2
∫
M t0
|∇V |2dxdt.(2.15)
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Therefore, we get
1
2
∫
M
|U |2(x, t0)dx+
1
2
∫
M t0
|∇U |2dxdt ≤ Cǫ(t0)
(∫
M t0
|U |4dxdt
)1/2
.(2.16)
By Lemma 2.1, we know that∫
M t0
|U |4dxdt ≤ C
∫ t0
0
∫
M
|U |2dx
(∫
M
|∇U |2dx+
∫
M
|U |2dx
)
dt
≤ C sup
0≤s≤t0
∫
M
|U |2(x, s)dx
(∫
M t0
|∇U |2dxdt +
∫
M t0
|U |2dxdt
)
≤ C
(
sup
0≤s≤t0
∫
M
|U |2(x, s)dx+
∫
M t0
|∇U |2dxdt
)2
.(2.17)
Substituting (2.17) into (2.16), we get
1
2
∫
M
|U |2(x, t0)dx+
1
2
∫
M t0
|∇U |2dxdt
≤ Cǫ(t0)
(
sup
0≤s≤t0
∫
M
|U |2(x, s)dx+
∫
M t0
|∇U |2dxdt
)
.(2.18)
Without loss of generality, we may assume∫
M
|U |2(·, t0)dx = sup
0≤s≤t0
∫
M
|U |2(·, s)dx.
Since ǫ(t0)→ 0 as t0 → 0, then there exists s0 ∈ (0, T ] such that∫
M
|U |2(x, s0)dx+
∫
Ms0
|∇U |2dxdt = 0,
which implies that U ≡ 0 in Ms0 and consequently by (2.15), we get that V ≡ 0 in
Ms0 . We can repeat this process at t = s0 and finally get the theorem proved by
iteration. 
3. Proof of Theorem 1.2
Now we can begin to prove Theorem 1.2.
Proof of Theorem 1.2. Step 1: Let g ∈ C2+α(M) be the unique solution to the
equation {
−∆g = 0 in M ;
g = φ on ∂M.
Since φ0 − g ∈ W
1,2
0 (M), we can choose ϕ0m ∈ C
∞
0 (M) such that ϕ0m → φ0 − g in
W 1,2(M). Take φ0m = ϕ0m + g ∈ C
2+α(M). We have that φ0m|∂M = φ and
φ0m → φ0 in W
1,2(M);
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Step 2: Short-time existence. By Theorem 1.1, we know that there exist Tm > 0
and um ∈ C
2+α,1+α/2
loc (M × [0, Tm)), vm,∇vm ∈ C
α,α/2
loc (M × [0, Tm)) which solve (1.3)
on M × [0, Tm) with the boundary-initial date φ0m, φ, ψ.
Since φ0m → φ0 strongly in W
1,2(M), there exists some R > 0 such that for all
x ∈M ,
(3.1) E(φ0m;B
M
2R(x)) <
ǫ
4
,
where ǫ := min{ǫ1, ǫ2} and ǫ1, ǫ2 are the constants in Lemma 2.8 and Lemma 2.9
respectively. By Lemma 2.7, if T = O(R2ǫ),
sup
(x,t)∈MT
E(um(·, t);B
M
R (x)) < ǫ.
By Lemma 2.7, Lemma 2.8 and Theorem 1.1, we may assume Tm ≥ T = O(R
2ǫ).
Then, Lemma 2.3, Lemma 2.4, Lemma 2.5 and Lemma 2.9 yield
‖(um, vm)‖V (MT ) ≤ C.
According to the weak compactness, there exists a subsequence of {(um, vm)} (denoted
by itself) and (u, v) ∈ V (MT ) such that
(um, vm)⇀ (u, v) weakly in V (M
T ).
It is easy to check that (u, v) is a weak solution of (1.3) and (1.4) in the sense of
distribution.
By Lemma 2.8, we have
‖um‖C2+α,1+
α
2 (M×[δ,T ])
+‖vm‖Cα,
α
2 (M×[δ,T ])
+‖∇um‖Cα,
α
2 (M×[δ,T ])
+ sup
δ≤t≤T
‖vm‖C2+α(M) ≤ C,
where C = C(α,R, δ, T,M,N) is a positive constant, which implies that
u ∈ C
2+α,1+α/2
loc (M × (0, T ])
and
v,∇v ∈ C
α,α/2
loc (M × (0, T ]), v ∈ L
∞
loc((0, T ];C
2+α(M)).
Thus (u, v) is a classical solution of (1.3) and (1.4) defined onM×(0, T ]. By Theorem
1.1 and using (u(T ), v(T )) as the new boundary-initial data of (1.3), the solution can
be extended to a larger time interval. This argument remain feasible until we reach
the first singular time T1 when the condition
lim sup
x∈M,t→T
E(u;BMr (x)) > ǫ for any r > 0,(3.2)
is satisfied. Let {xl, T1}
l1
l=1 be any finite set satisfying
lim sup
t→T1
E(u;BMr (x
l)) > ǫ for any r > 0, 1 ≤ l ≤ l1.
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Choosing r > 0 such that BM2r (x
l), 1 ≤ l ≤ l1, are mutually disjoint. By Lemma 2.4,
we have
l1ǫ ≤
∑
1≤l≤l1
lim sup
tրT1
E(u(t);BMr (x
l))
≤
∑
1≤l≤l1
E(u(s);BM2r (x
l)) +
l1ǫ
2
≤ E(u(s)) +
l1ǫ
2
≤ E(φ0) + ΛE(ψ) +
l1ǫ
2
,
where 0 < s < T1 is sufficiently closed to T1, such that C
T1−s
r2
≤ ǫ
2
. Thus,
(3.3) l1 ≤ 2
E(φ0) + ΛE(ψ)
ǫ
.
From Lemma 2.8, it is easy to see that u ∈ C
2+α,1+α/2
loc (M × (0, T1)) and u,∇u ∈
C
α,α/2
loc (M×(0, T1]) outside singular points {(x
l, T1)}
l1
l=1. Moreover, v,∇v ∈ C
α,α/2
loc (M×
(0, T1)) and v,∇v ∈ C
α,α/2
loc (M × (0, T1]) outside singular points {(x
l, T1)}
l1
l=1.
Step 3: Global existence of weak solution. By the proof of Theorem 1.4 in [10],
there is a unique weak limit (u(T1), v(T1)) ∈ W
1,2(M,N × R) with boundary data
(u(T1), v(T1))|∂M = (φ, ψ), such that
(u(t), v(t))⇀ (u(T1), v(T1)) weakly in W
1,2(M)
as t→ T1. Moreover,
lim
t→T1
∫
M
β(u(t))|∇v(t)|2dM =
∫
M
β(u(T1))|∇v(T1)|
2dM.
Noting that,
E(u(T1)) = lim
r→0
E(u(T1);M \ ∪
l1
l=1B
M
r (x
l))
≤ lim
r→0
lim inf
t→T1
E(u(t);M \ ∪l1l=1B
M
r (x
l))
= lim inf
t→T1
E(u(t))− lim
r→0
lim sup
t→T1
l1∑
l=1
E(u(t);BMr (x
l))
≤ lim inf
t→T1
E(u(t))− ǫ,(3.4)
we have
(3.5) Eg(u(T1), v(T1)) ≤ lim inf
t→T1
Eg(u(t), v(t))− ǫ.
According to Step 2, we can get a solution of the system (1.3) on [T1, T2) for some
T2 > T1 by viewing u(T1), φ, ψ as the new boundary-initial data. Piecing together the
solutions at T1, we get a weak solution of (1.3) on M × [0, T2). Iterating this process,
we obtain a global weak solution defined on M × [0,∞). Let {Tk}
K
k=1 be the singular
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times and {(xl, Tk)}
lk
l=1 be the singular points at time t = Tk. By (3.5) and Lemma
2.3, we have
Eg(u(TK), v(TK)) ≤ lim inf
t→TK
Eg(u(t), v(t))− ǫ
≤ lim inf
t→T1
Eg(u(t), v(t))−Kǫ
≤ lim inf
t→T1
E(u(t))−Kǫ ≤ E(φ0) + ΛE(ψ)−Kǫ.
Thus,
K ≤
E(φ0) + ΛE(ψ)
ǫ
.
Combing this with (3.3), we get
K∑
k=1
lk ≤ 2(
E(φ0) + ΛE(ψ)
ǫ
)2.
Step 4: Convergence. By Lemma 2.3 and 2.4, we know that∫ ∞
0
|∂tu|
2dMdt + sup
0≤t<∞
E(u(·, t)) + sup
0≤t<∞
E(v(·, t)) ≤ C <∞.
Then, we have that there exists a time sequence ti →∞, such that
‖∂tu(·, ti)‖L2 → 0.
Combing this with the small energy regularity theory for approximate Lorentzian
harmonic maps (see Lemma 2.1 and Lemma 2.2 in [10]), we know that there exist a
positive constant ǫ′ depending only on λ,Λ, N × R, a finite points set
(3.6) S∞ := {x ∈M | lim inf
i→∞
E(u(·, ti);B
M
r (x)) > ǫ
′ for any r > 0}
and a Lorentzian harmonic map (u∞, v∞) ∈ W
1,2(M,N ×R)∩W 2,2loc (M \ S∞, N ×R)
with boundary data (u∞, v∞)|∂M = (φ, ψ) such that, up to a subsequence, (u, v)(·, ti)
converges weakly inW 1,2(M) and strongly inW 2,2loc (M\S∞) to (u∞, v∞). By removable
singularity Theorem 2.8 in [10], we have (u∞, v∞) ∈ W
2,2(M,N × R) which implies
(u∞, v∞) ∈ C
2+α(M,N ×R) by the standard elliptic theory of Laplace operator. 
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